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Abstract. Quantum computing has attracted people’s attention. With
the property of superposition, quantum computers have great advantages
over classical computers and many quantum algorithms that outperform
classical algorithms have been proposed. This report will dive into the
Grover search algorithm and give the implementation of it on the IBM
Quantum Experience platform. In addition, the matrix representations
of the circuit components will also be given.
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1 Introduction

Quantum computing has been a hot topic in recent days. Compared with tra-
ditional computers, quantum computing has great advantages. The calculations
and information processing of our everyday computers are based on the work of
Turing and John von Neumann [4J5]. In the classical model, all of the informa-
tion is stored or represented by bits, which can take the value of either 0 or 1.
Thus, one can say that the state of a classical computer is determined by the
state of all its bits. A quantum computer also has bits, which are called quan-
tum bits or qubits. A qubit can represent 0, 1 or any linear combination of 0
and 1, which is the property called superposition. This property allows qubits to
represent exponentially many logical states at once. For example, n qubits can
represent 2" states at the same time, from |00---0) to |11---1). Based on this
powerful feature, a lot of quantum algorithms that can outperform the classical
algorithms are proposed, one of which is Grover search algorithm. Classically,
the time complexity to search an element in an unsorted database is O(N). How-
ever, in quantum computing, Grover proposed an algorithm which can finish this
task with O(N) operations [2]. In this report, the basic principle and process
of Grover search algorithm will be introduced and an implementation of this
algorithm on IBM Quantum Experience platform will also be given. To make
things more clearly, the matrix representations of every part of the quantum
circuit will also be given.

2 Grover Search Algorithm

Grover search algorithm provides a quadratic speedup over its classical counterparts[3].
In this part, the principle of this algorithm will be discussed. First we need to
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know the meaning of the coefficients in the superposition. Suppose we have the
following superposition, which is the linear combination of |0) and |1).

|s) = a|0) + b]1) (1)

The coefficients a and b satisfy the equation a? + b?> = 1. a? represents the
probability that we conduct a measurement and the result is |0). Similarly, b2
represents the probability that a measurement gives the result |1). The key point
of Grover search algorithm is that we want to enlarge the probability of obtaining
the target result.

2.1 Amplitude Amplification

Take a database consisting of N = 2" items as an example. We can use n qubits
to represent all of them. Since we do not know where the target item is located,
we can consider every position has the same probability of being measured out,
which gives us the uniform superposition of these qubits.

1 N—-1
|s) = N ;} |z) (2)

The probability for every state of being measured is 1/N. Using |w) to denote the
target item, we can generate another vector which is orthogonal to |w) by remov-
ing |w) from |s) and re-scaling. Using |s’) to denote this vector, we can represent

it as Fig. [1| [1]. After simple calculations, one can obtain that § = arcsin( ﬁ)
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Fig. 1. This figure shows the initial situation of the process.

Then we can start thinking about how to amplify the amplitude of the state |w)
in |s). By flipping |s) over the axis of |s'), we can convert the coefficient of |w) to
-1/ VN (notice that this operation does not change the probability of obtaining
|w) after one measurement). Then the geometric graph of the situation can be
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given by Fig. [2] After that, we do a reflection of this new vector about the orig-
inal |s), as shown in Fig. [3| From the mathematical perspective, this operation
can be viewed as projecting, extending and subtracting, the detail of which will
be described later. The operations of the reflection of these two times can be
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Fig. 3. This figure shows the second reflection.

written as the matrix operators. The first operator is known as the oracle and
the second is called diffuser.
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2.2 The Oracle

To do the first reflection, we can just change the coefficient of |w) to be -1. Here
an example of 2 qubits is introduced, where we are trying to find |01). The oracle
(Uy) can be written as

1 0 00
0 -1 0 0

Vo = 0 0 10 (3)
0 0 01

In the IBM Quantum Composer, the circuit of this part in this particular example
is given by Fig. [d

Fig. 4. The oracle used to search |01).

2.3 The Diffuser

The diffuser part is more complicated. As is mentioned before, it can be seen
as the projection to |s), extend it twice and use it to subtract a certain vector.
Thus, this operator can be written as,

U, = 2ls)(s| - 1, (4)

where I means the identity matrix. Taking the same example as last part, the
matrix can be represented as

-1 1 1 1
1|1 -1 1 1
Usfi 1 1 -1 1 ()
1 1 1 -1

The circuit of this part is given by Fig.



Implementation of the Grover Search Algorithm 5

Z

Fig. 5. The circuit of the diffuser used to search |01).

3 Implementation

3.1 Quantum Circuit

Consider the situation where we have 2 qubits and |01) is the target item we are
searching for. First we will generate the superposition of two qubits, as shown in
Fig.[6] Then the two parts aforementioned in Fig. [ and Fig. [f] are added to the

Fig. 6. The circuit of generating the superposition.

circuit. Finally, the measurement will be conducted. The whole circuit of this
implementation of iterating the process for one time is shown in Fig. [7}

By repeating the oracle and diffuser components for different times, we have
different results. The result of iterating once is shown in Fig. [8§| We can see
that the circuit finish the task to rather good extent. However, if we iterate the
process for 2 times (Fig. E[) and 3 times, the probability of obtaining the correct
result decreases. This is reasonable because of the nature of reflections, which
will be given in the last section.
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Fig. 8. The result of iterating once using different backends.
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Fig. 9. The result of iterating two times using different backends.
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Fig. 10. The result of iterating three times using different backends.

3.2 Matrix Computation

Matrix Representations of the circuit In this part, the matrix representa-
tions of the components in the circuit will be given. Most basically, the matrices
of some relevant gates are given by the following code.

import numpy as np

# H Gate

H = 1/np.sqrt(2) * np.array([
1, 11,
[1, -1

D

# Z Gate

Z = np.array([
[1, ol,
[0, -1]

D

# cz gate

cz = np.identity(4)
cz[3, 3] = -1

# S gate

S = np.array([
(1, ol,
[0, 131

D

Then the superposition of these two qubits is generated using the following code.

q0 = np.array([1, 0])
ql = np.array([1, 01)
s = np.kron(H, H)@np.kron(ql, qO)
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After that, the main components of this algorithm, which are the oracle and the
diffuser can be calculated by the code below, and for the convenience to repeat,
the product of them is stored as core.

U_w = np.kron(np.identity(2), S)Qcz@np.kron(np.identity(2), S)
diffuser = np.kron(H, H)@cz@np.kron(Z, Z)@np.kron(H, H)
core = diffuser@U_w

Finally, we multiply them together.

iter_1 = core@s

iter_2 = core@core@s

iter_3 = core@core@core@s
print("Iterate once:", iter_1)
print("Iterate twice:", iter_2)
print("Iterate three times", iter_3)

The results are

Iterate once: [0.+0.j 1.+40.j 0.+0.j 0.+0.j]
Iterate twice: [-0.5+0.j 0.5+0.j -0.5+0.j -0.5+0.j]
Iterate three times [-0.5+0.j -0.5+0.j -0.5+0.j -0.5+0.j],

which conforms what we observe in the quantum circuit experiment.

Matrix Calculation of the theory From the perspective of the theory, the
matrix calculation is as follows.

# Generating superposition

qQ0 = np.array([1, 0])

gl = np.array([1, 0])

s = np.kron(H, H)@np.kron(ql, qO)
# Oracle

Uf = np.identity(4)

Uf[1, 1] = -1

# Diffuser

tmp = s[np.newaxis]

Us = 2%tmp.TOtmp - np.identity(4)
core = Us@QUf

iter_1 = core@s

iter_2 = core@core@s

iter_3 = core@core@core@s
print("Iterate once:", iter_1)
print("Iterate twice:", iter_2)
print("Iterate three times", iter_3)

The results are shown below.
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Iterate once: [-2.22044605e-16 1.00000000e+00 -2.22044605e-16
-2.22044605e-16]

Iterate twice: [-0.5 0.5 -0.5 -0.5]

Iterate three times [-0.5 -0.5 -0.5 -0.5]

4 Discussion

The matrix calculations and circuit simulation lead to the same result. However,
it is weird that the algorithm does not perform well when repeated 2 and 3 times.
The reason will be given in this part.

When iterating once, the process is shown in Fig. From this figure, we
can know that the algorithm has found the answer. The probability of obtaining
the result is 1, theoretically. However, if we repeat this process again, based on

lo>
A UsUgls>

Fig. 11. This figure illustrates the process of implementing the iteration once.

the current situation, we will have Fig. This process makes the probability
of obtaining the target item decrease to %.

o>
A Udlgls>

Fig. 12. This figure illustrates the process of implementing the iteration twice.
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And the process of iterating 3 times is similar. So far, everything has been
consistent and harmonic.
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